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Abstract—DNA microarrays have the potential to revolu-
tionize medical diagnostics and development of individual-
ized medical treatments. However, accurate quantification of
scantily expressed genes and precise measurement of small
differences between different treatments is not currently
feasible. A major challenge remains the understanding of
physicochemical processes and rate-limiting steps of hybrid-
ization of complex mixtures of DNA targets on immobilized
DNA probes. To this end, we developed a mathematical
model to describe the effects of molecular orientation and
transport on the kinetics and efficiency of hybridization.
First, we calculated the hybridization rate constant based on
the distance between the complementary nucleotides of the
target and probe DNA. The surface reaction rate was then
integrated with translational and rotational transport of
target DNA to the surface to calculate the kinetics of
hybridization. Our model predicts that hybridization of short
DNA targets is diffusion limited but long targets are
kinetically limited. In addition, for DNA targets with wide
size distribution, it may be difficult to distinguish between
specific binding of long targets from nonspecific binding of
short ones. Our model provides novel insight into the process
of DNA hybridization and suggests operating conditions
to improve the sensitivity and accuracy of microarray
experiments.

Keywords—Reaction-diffusion model, DNA, Hybridization,
Nucleic acid, Rotational diffusion, Kinetics.

INTRODUCTION

Nucleic acid hybridization has been employed in a
wide variety of biological assays including Southern
blot, Northern blot, and in situ hybridization. More
recently, DNA hybridization on solid surfaces has
been used to develop microarray technologies for
simultaneous quantitation of large numbers of
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genes.'“?* DNA microarrays have been used to
address many biological problems including cell cycle
and metabolism of yeast cells,'®3!14%-3%3% response of
human fibroblasts to serum,*® development of central
nervous system,”” differentiation of hematopoietic
cells,’> branching morphogenesis of the collecting
system of the kidney,* progression and classification
of human cancers,'®'?>-7% and development of
engineered tissues such as muscle and skin.?®3%-%
This technology has transformed our way of thinking
about biological systems as complicated molecular
networks and established databases that may be useful
in reaching a global understanding of biological
processes.' 4147

Microarray experiments explore complex biological
processes such as tissue development and disease pro-
gression by identifying the wiring of genetic networks
that regulate the observed tissue phenotype. To this
end, quantitative measurement of gene expression is
required to draw reliable conclusions on individual
genes or gene networks that are modulated in response
to a range of environmental stimuli or therapeutic
treatments. However, a number of Ilaboratories
reported large variability of gene expression between
different probes in the same array, which in some cases
was higher than interarray variability.”°' Statistical
models have attempted to address this problem by
using empirical correlations that best fit the experi-
mental data."?”3* Even though statistical correlations
may help the analysis of microarray data, they are not
based on physical principles and therefore, they cannot
provide physical insight into the process of DNA
hybridization. A fundamental understanding of the
physicochemical processes that take place during sur-
face hybridization is necessary to design more efficient
and selective microarray devices that provide quanti-
tative and reliable gene expression data.

Experimental studies examined several physico-
chemical aspects of DNA hybridization including
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various methods for DNA surface immobilization
and effects of DNA surface density on the kinetics of
hybridization.***>>! The rate of surface hybridization
has also been used to distinguish specific from non-
specific binding and even determine single nucleotide
mismatches between target and probe sequences.'>*°
These studies showed that the kinetics of hybridiza-
tion on surface-immobilized DNA is different from
the solution-phase reaction and can not be explained
by the effects of DNA surface density alone.*®
Therefore, there is a need for a comprehensive theo-
retical approach to understand this process from first
principles.

Several theoretical studies provided considerable
insight into the process of surface DNA hybridiza-
tion.">**>17 In one of the first studies, Wang et al.
assumed that hybridization occurred by either of two
mechanisms: direct binding from solution or nonspe-
cific adsorption followed by subsequent surface diffu-
sion of target to immobilized DNA."" An integral
assumption was that the bulk concentration of target
DNA remained constant during hybridization, a con-
dition that is valid only for early time points before
binding depletes the targets in close proximity to the
surface. This work was recently extended to include an
explicit description of bulk and surface diffusion to
calculate the probability of binding as a function of
time.>® Pappaert et al. employed a stochastic model
that accounted only for diffusion perpendicular to the
surface and provided useful insight on the effects of
fluid thickness and mixing on the rate of hybridiza-
tion.” They showed that hybridization is limited by
the rate of reaction at early times when the target DNA
concentration in the bulk remains high but becomes
diffusion limited at later times when the target DNA is
depleted in the volume immediately adjacent to the
surface. Based on this data the authors designed
microfluidic and shear-driven flow devices to improve
the sensitivity and accuracy of microarrays by over-
coming the diffusion limitations of surface reac-
tion.*®** A more recent study by Gadgil er al. used a
reaction—diffusion model that was solved for small
sample volume and gap height (20 uL and 140 pm,
respectively) and for large target DNA with average
length of 2000 nucleotides.?' Their results showed that
only DNA close to the surface hybridized and that the
bulk concentration at a distance of 250 um or longer
remained unchanged for as long as 12 h. Interestingly,
the model also predicted that the intensity of hybrid-
ized targets best reflects their concentration in solution
when the reaction is far from equilibrium.

Despite these recent advances, some important
physical aspects such as rotational diffusion of target
DNA and orientation of the reactive site at the time of
collision have been neglected in surface hybridization

models. Two DNA strands hybridize only when a
small number of reactive nucleotides (~20 bases) on the
target are positioned in close proximity and in anti-
parallel orientation to their complementary counter-
parts on the probe. Therefore, only a small fraction of
target molecules with the correct orientation would
bind to the immobilized probes at any given moment.

The present study is undertaken to provide a com-
prehensive mathematical model of surface hybridiza-
tion including rotational diffusion of target DNA and
orientation-dependent reaction probability. The
kinetics of hybridization is calculated based on the
physical distance between complementary nucleotides
of target and probe DNAs, ultimately providing a
surface reaction rate constant that is a strong function
of molecular orientation. The kinetics is then incor-
porated into a reaction—diffusion model that accounts
for both rotational and translational diffusion of target
DNA and calculates the fraction of hybridized targets
as a function of time. Our model provides insight into
the effect of target DNA orientation and size on the
hybridization rate and suggests ways to improve the
accuracy and sensitivity of microarray-based genetic
analysis.

MODEL FORMULATION

Figure 1 presents the idealized model used here to
describe the hybridization process, which occurs in an
aqueous layer of thickness 4. The bottom surface
with immobilized probe DNA coincides with the
plane z = 0 in space-fixed coordinates (x, y, z). This
surface is modeled as a periodic array of square unit
cells of side length L numbered with a pair of indices
(j, k). Each contains a single probe DNA molecule
comprising N, nucleotides distinguished by an index
i=1,2,...,N,. The internucleotide distance, denoted
by s, is estimated to be 3.4 A* The probe molecule
is aligned with the y axis and positioned such that its
central nucleotide coincides with the center of the
unit cell (if N, is even, the central nucleotide is taken
to be the [(V, + 2)/2]th, and lies at a distance s/2
from the geometric midpoint of the DNA strand)
(Figs. 1b, c). The triple of coordinates uj; of nucle-
otide 7 within unit cell (j, k) on the surface (Fig. 1b) is
given by

i = (GL,kL — [(N, + 1)/2 — s, 0)
= (jL, kL —[(N, +2)/2 — is, 0)

(N, odd),
(N, even)

(1)

For definiteness, the side length L is taken to be
100 A in the illustrative calculations ultimately
reported, corresponding to a probe density of 10'2
molecules per cm?, but this geometrical parameter can
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FIGURE 1. Definition sketch. (a) Approximation of a globular target DNA with a spherical particle with radius of gyration, ry, and
hydrodynamic radius, n,. (b) Overall view of surface with periodically distributed immobilized DNA probes and a globular DNA
target in solution. (c) Notational details for the probe DNA molecule in unit cell (j, k) on the surface. (d) Notational details for a target

DNA molecule, referred to target-fixed coordinates x’, y/, Z.

be varied to reflect changes in the density of immobi-
lized DNA.

Previous experimental work showed that a 200-
nucleotide or longer DNA molecule assumes globular
conformation in solution®® and therefore, it can be
approximated by a soft sphere of radius, r, (radius of
gyration), which correlates with the total number of
nucleotides N and surrounds a hydrodynamic core
of radius, r, (hydrodynamic radius) (Fig. la). Experi-
mental values of the radius of gyration r, of DNA
molecules with various total numbers of nucleotides N

are available in the literature®® and the hydrodynamic
radius can be calculated using the Einstein—Stokes
equation (Eq. 14). Cartesian coordinates (x’, )’, z’)
fixed on the target (Fig. 1d) serve to define its surface
structure, which comprises N, reactive nucleotides
complementary to the nucleotides of each probe DNA
molecule on the surface, likewise distinguished by the
integer i = 1,2,..., N,. They are spaced evenly along
the circular arc defined by the y’z” plane. With respect
to the target-fixed coordinate system, the triple of
coordinates ¥’ of nucleotide i is given by
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v/ = (0, rgsin(l;/rg), —rgcos(li/ry)),
where (; = —[(N, + 1)/2 —ils (N, odd), (2)
=—[(N, +2)/2—1i]s (N, even).

The state of a target DNA molecule is defined by the
triple of position coordinates Xy = (xo,yo,20) of its
center measured with respect to the space-fixed axes x,
v, z, and by a triple of Eulerian angles 6, ¢, and
giving the directions of the axes x’, ', z’ relative to x, y,
z. According to the convention adopted here,>® the
angles 0 and ¢ specify the direction of the z” axis fol-
lowing the usual definition of polar and azimuthal
angles, respectively, in spherical coordinates,* and ¥
specifies the amount of twist about this axis (other
conventions also exist>?). With respect to the space-
fixed (x, y, z) coordinate system, the triple of coordi-
nates v; of nucleotide i is given by the well-known
transformation

i = %o+ RV (3)

involving the rigid-body rotation matrix:

coordinates (xg, yo, zg) of its center and the triple of
Eulerian angles (0, ¢, ). Although dj; has signifi-
cance as a geometrical quantity for all configurations,
its pertinence to binding is restricted to configurations
for which zy = r,.

Note that the model assumes that the DNA is
spherical and that the patch is on the surface of the
sphere. Molecular orientations in which the reactive
patch may be buried inside the sphere are not
explicitly accounted in the model. From a practical
standpoint, these orientations would reduce the
affinity for the probe considerably and a different
probe (absorbed oligonucleotide) should be designed
that would bind to a reactive site on the surface of
the sphere.

Kinetic Model

A good indicator of the degree of alignment
between reactive sites when the target is touching the
surface (zp =r,) is the average distance between

cosfcospcosyy —singsinyy —cosfcos¢psinyy —sin¢pcosy sinlcos ¢
R = |cosOsin¢cosy +cos¢psinygy —cosfsinpsiny + cos¢pcosyy sinfsin ¢ 4)

—sinfcosy

Here the apposition of R and ¥/ implies matrix-vector
multiplication.

Reaction of the target DNA with any probe
DNA can occur once diffusion has brought the
target into contact with the surface (i.e., to a con-
figuration with zy = r,). The probability of a suc-
cessful binding reaction clearly depends critically
upon the distances between complementary nucleo-
tides at the contact configuration. Reaction is likely
only if the reactive site of the target DNA (com-
prising the linear sequence of nucleotides
i=1,2,...,N,) is very nearly anti-parallel to the
reactive site of the probe DNA, so that the 5" — 3’
sequence anneals with the 3* — 5 sequence. A good
measure of the degree of alignment can be formu-
lated in terms of the distance

dijr = dy (X0, y0, 20, 0, P, b) = |V — | (5)

between reactive nucleotide i on the target and its
complement in a unit cell (j,k) on the surface. This
distance is strongly dependent upon the configuration
of the target DNA molecule given by the position

sin 0 sin cos 6

complementary nucleotides in the target and probe
DNA, defined as:

N,
Z dljk (XOJ/OJ’gy Qa ¢7 lp)
dic = dj(x0, 0,0, ¢, ) = ="

N,
(6)

The mean distance is small for configurations pro-
viding something close to the optimal alignment
between reactive sites, and large for grossly misaligned
configurations. As a model of site-specific reactivity,
we introduce a configuration-dependent binding rate
constant given by

m/2 n/2

keonfig(X0, 10,0, ) =ko > exp (—du/dy),
Jj=—m/2 k=—n/2
(7)

where dj is a tolerance parameter quantifying how
close complementary nucleotides must be in order to
have a significant probability of binding. Equation (7)
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has the features that: (i) the rate constant declines
sharply with small deviations from the perfectly
matching configuration; and (ii) the neighboring
probes also contribute to the rate constant. To resolve
configurational effects at the level of single nucleo-
tides, we used for d, a value that is half the inter-
nucleotide  distance: do = s/2 = (1.7 A). The
coefficient ky is an empirical factor that reflects the
overall binding affinity between the two reactive
nucleotide sequences when they are properly aligned.
It may account for the dependence of the binding
reaction rate on temperature, salt concentration, and
chemical composition, e.g., G-C content of the reac-
tive site. The choice of an exponential function in
Eq. (7) is arbitrary but reasonable, and it captures the
strong dependence of the reaction rate constant on
the distance between complementary nucleotides. For
a target DNA molecule approaching the surface
above the (0,0)th unit cell (j = k& = 0), interactions
with the surface are dominated by the interaction
with the probe DNA in this unit cell. Interactions
with probe DNAs in neighboring unit cells also occur,
although they are weaker given the greater internu-
cleotide separations involved. The summation over j
and k in Eq. (7) accounts for all interactions between
the approaching target DNA and probe DNAs on the
surface. For the small value dy = s/2 used, test cal-
culations show that only the closest ten neighbors or
fewer in the x and y directions contribute significantly
to the value of kconfig. Thus the summation is trun-
cated at m = n = 10.

The angular coordinate most decisive in determin-
ing the binding reactivity at contact is 0, because it
controls whether or not the reactive site presented by
the target DNA faces the surface. Our calculations
(see Results below) confirm that changes in ¢ and
generally do not alter k¢onsg as dramatically as changes
in 0. The coefficient kcon, also varies with x, and yj,
which control the relative positions of the comple-
mentary nucleotide sequences. As a first approxima-
tion, made in the interest of reducing the number of
configurational coordinates involved in the subsequent
diffusion problem, we: (i) average kqonfg OVer the ¢ and
i coordinates; and (ii) also average kconsig OVer xy and
yo, thereby treating the actual surface (whose binding
reactivity is concentrated around the immobilized
probe nucleotide sequences) as a homogeneously
reactive surface characterized by a spatially averaged
rate coefficient. The average over the whole surface is
equivalent to the average over a single unit cell in the
target DNA’s position coordinates x, and y,, given the
assumed spatially periodic surface distribution. Thus,
we consider the simpler situation of configuration-
specific reactivity at contact (zo = r,) described by the
averaged rate coefficient:

L/2 L/2 272

I | | [ keontig(x0, ¥0, 0, ¢, ) dy dop dx dyo

_ —L/2-L/20 0
k(0) = L/2 L2 2n2n
[ [ dydgdxody

—L/2 -L/2 0 0

Dynamics of Diffusion and Surface Reaction

The average embodied in Eq. (8) effectively reduces
the set of variables describing the state of a DNA mol-
ecule to a single angular coordinate (the polar angle 0) in
addition to the elevation z, of its center. The distribu-
tion over configurations (zg, 0) is described by a distri-
bution function P(zy, ) having the significance that
P(zy, 0) sinf dz, db is the number of moles of DNA per
area (considered parallel to the xy plane) with centers
lying between elevations zy and zy + dzy, and polar
angles having values between 6 and 6 + df. The
ordinary concentration C(zg) (moles per unit volume) is
just the configurational distribution without regard to
molecular orientation, i.e., C(zp) = fon P(zp,0)sin 0d0 .
For a hypothetical solution at concentration C of mol-
ecules evenly distributed (unbiased) over all orienta-
tions, P would simply be equal to (1/2)C. In the
hybridization process, P in fact varies with both z
(because diffusion to the surface is driven by a vertical
concentration gradient) and 0 (because molecular ori-
entations near the ones for which k(0) is high are
selectively depleted by the binding reaction).

The distribution P is governed by a diffusion
equation containing terms describing both transla-
tional and rotational diffusion, respectively character-
ized by a translational diffusion coefficient D(z,) and a
rotational diffusion coefficient D,>13-3¢

op 0 opP D. o /(. OP
Translational diffusion delivers target DNA mole-
cules to the surface, and rotational diffusion alters their
orientation. Both processes act in concert in bringing
the reactive sites to a state compatible with a high
probability of reaction. The transport equation (9) is

supplemented with initial and boundary conditions
reflecting physical realities of the hybridization process:

P(Z(),O) = PO = (1/2)C(), (10)
D) P kP00 (1)
ol o
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P and % bounded at 0 =0and 0 == (13)

The initial condition (Eq. 10) states that the exper-
iment starts with the aqueous layer uniformly filled
(spatially well mixed and orientationally randomized)
with target DNA at concentration C,. The boundary
condition (Eq. 11) equates the flux of target DNA
delivered to the surface by diffusion with the rate
(moles per area per time) of binding at the surface;
target-surface contact occurs for zyo = r,, and binding
is described by an assumed first-order rate expression
incorporating the orientation-dependent coefficient
k(0). The boundary condition (Eq. 12) expresses the
fact that no target DNA passes through the air—liquid
interface (zero flux) at the top of the solution (z = h).
The boundedness conditions (Eq. 13) are of the usual
type imposed at 6 = 0 and 6 = = for problems with a
polar angular coordinate.>®

Far from the surface the diffusivity D(z) for trans-
lational motion perpendicular to the surface equals the
bulk aqueous diffusivity D.,, given by the Stokes—
Einstein relation

 ksT
* 6mury’

(14)

in which p is the viscosity of the aqueous medium, and
r, 1s the effective hydrodynamic radius of the DNA
molecule. The diffusivity D(zy) decreases with
decreasing z because of a well-known hydrodynamic

wall effect,®?° as described by the equation:
D
D(z) =— 1
©=15 (15)

in which A(z) is the increased drag factor tabulated, e.g.,
by Brenner.® Theoretically, for perfectly smooth
spherical and planar surfaces, D(z) — 0 (A(z) — o) as
z — r, owing to the lubrication singularity,'> which
would preclude target-—surface contact and binding in
any finite time. However, molecular surfaces are not
perfectly smooth and would not actually give rise to a
lubrication singularity. We account for this fact by
allowing the effective hydrodynamic core of the DNA
molecule to lie a little inside the sphere representing its
effective hard-sphere surface, i.e., by taking ry > ry.
Thus, D(z) would be substantially reduced from D.. but
nonzero at z = r%. We approximate A(z) by the asymp-
totic expression®*>:
, 9
A(z)wl—i—gz. (16)
This formula, which is valid as an asymptotic result
for z > ry,, offers a reasonable quantitative approxi-
mation to exact values of A(z) for elevations z of the
order of target radius ry, and remains finite at z = r,.

Experimental values of the bulk diffusivity of DNA,
D_3 yield the effective (Stokes—Einstein equivalent)
radius r, of the target molecule via Eq. (14). This
radius is then used to calculate its rotational diffusivity
D, via the corresponding Stokes—Einstein relation’:

p, = 2T (17)
Smury
Close to the surface where reaction occurs, the ori-
entation of target DNA determines the probability of a
successful collision between the target and probe DNA
molecules, and the distribution of DNA molecules has a
strong angular dependence. In contrast, far from the
surface the distribution over molecular orientations
relaxes to a uniform angular distribution, so that only
spatial gradients exist. Consequently, the transport
problem can be divided in two zones: a microscopic zone
comprising the first few molecular diameters above the
surface (where both rotational and translational diffu-
sion are important), and the bulk of the fluid further
above (where only translation diffusion is important).

Microscopic Problem

In the thin layer close to the surface, the flux to the
surface equals the rate of reaction, which depends on
the orientation of the target DNA. In this zone, loss of
DNA from solution due to hybridization is compen-
sated by a constant flux of DNA molecules down from
the bulk (driven by a limiting concentration gradient f§
far above the surface relative to the molecular diame-
ter), thus maintaining the compartment at pseudo-
steady state. Accordingly, the governing equation and
boundary conditions are as follows:

0 ocC D, 0 (. 0C\
o (D(zo)a—z()) + (sm 9—) =0; (13)

sin 0 00 a0
BCL: z—rg D) 20D hoyc(ry, 0);
820
(19)
B.C2: zy— oo: w — f; (20)

B.C3&4: 0=0,m: C and (2_(6? bounded. (21)

The preceding microscopic equations are actually
solved in the dimensionless form:

1\ 9% 2p oE  %¢
%o T \en oz an g
L+ ) On (8n+9p)>) O~ " 00

() 36" @)
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( 1 )ﬁawzbwmmm, (23)

1+ () on
tim 2 (1, 0) = 1, (24)
n—oo 0y
¢
¢ B
% (’17 TE) - 07 (26)
where
_Cc oz m _Dr _ K(O)rg
é_ﬂ_rga ’l—gyl)—a,y—Dmy Da(@)— DOO
(27)

Da(0) is an orientation-dependent Damkohler
number, which is a ratio of rate of reaction on the
surface to the rate of diffusion to the surface.

Solution of the microscopic problem provides the
concentration of DNA as a function of molecular
position (elevation of the center above the surface, zg)
and orientation (angular coordinate ). From this
information we can calculate the limiting (zo > r, or
n > 1) DNA flux toward the surface (at locations far
above it relative to the molecular diameter, but close
to it in macroscopic terms). This flux can be quanti-
fied in terms of an effective average surface reaction
rate coefficient, k, encapsulating the overall outcome
of the orientation-dependent diffusion and reaction
process occurring near the surface. The average rate
constant, k is then used in a reactive surface bound-
ary condition in the time-dependent problem in the
bulk fluid to calculate the observable kinetics of sur-
face hybridization. For more details on the calcula-
tion of k from the solution of the microscopic
problem, see Appendix A.

Macroscopic Problem

Far from the surface rotational diffusion is not
important, and the problem can be simplified to a time-
dependent one-dimensional diffusion equation with
reaction at the boundary. Although the DNA target
molecules still undergo Brownian motion in the x—y
plane, the concentration gradient is generated in the
z-direction, perpendicular to the surface where the
target DNA is consumed—assuming that probe DNA
is immobilized only on the surface and not the walls of
the hybridization chamber. Surface DNA hybridiza-
tion is accounted for in the boundary conditions and
modeled as a first-order reaction with rate constant k,
as calculated from the microscopic model:

2
oc_ P

E — [e'e) @ ) (28)

I.C: C(z,0) = C,, (29)

B.C1: z=0: Dy @ =kC(0,1), (30)
OC(h, 1)

B.C2: z=h Dy =0. (31)

z
At the macroscopic scale the diffusing DNA mole-
cule appears as a mathematical point, and we simplify
the notation from zy to z. Equations (28-31) can be
cast in the dimensionless form

e (1) 9%
5= (0a) o .
g—g(o, v) = Da&(0,7), (34)
¢ _
o (L9 =0, (35)
where
C z k kh

The symbol 5 here denotes a new dimensionless
coordinate based on the total thickness /4 of the liquid
layer, which is the pertinent macroscopic length scale.

Numerical Solution

Equations (1-8) were implemented in a C program
to compute the reaction rate constant of surface
hybridization as a function of molecular orientation.
The microscopic and macroscopic problems were
solved using finite differences.

RESULTS

Calculation of Orientation-Dependent
Reaction Rate Constant

The rate of hybridization depends on the distance of
target DNA from the surface and its orientation rela-
tive to the immobilized probe DNA. As the target
DNA rotates, the average distance of the reactive
nucleotides from their complementary counterparts on
the surface changes according to Eq. (6) affecting the
numerical values of the reaction rate constant (Eq. 7).
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FIGURE 2. Dependence of rate constant on x, y, 0, ¢, and .
(a) Dependence of rate constant on 0 (for ¢ = y = x =y = 0;
z=1g), ¢ (for 0=y =x=y=0; z=1rg), and y (for ¢ =
0=x=y=0;z=r,)for N= 500, N, = 5and ky = 2.4 x 10°.
(b) Dependence of rate constant on x (0 = ¢ =y = y = 0;
Z=rg). (c) Dependence of rate constant on y (0 = ¢
=y=y=0z= rg)-

However, all orientations are not equally important.
As shown in Fig. 2a, the reaction rate constant,
keonfig(X0, Yo, 0, ¢, ) depends very strongly on 6 and
only weakly on ¢ and . This result reflects the fact
that 0 controls whether the reactive site faces the sur-
face, and therefore, determines the distance between
the complementary nucleotides between target and
probe DNA. On the other hand, ¢ and y describe
rotation of the reactive patch around the axis of the
molecule and do not affect the internucleotide distance
very strongly. Therefore, the problem can be signifi-
cantly simplified by averaging k over all ¢ and  angles
between 0 and 2.

1 =g N; =20
0.8
—=— N =200
§ 0.6 1 —— N =300
i —*— N =400
S2) 4
04 —x— N = 1000
02 1 —— N =2000
0 . KPR EK £ e o o o e e s B o S o —————,
/40 /20 3m/40 /10
0

FIGURE 3. Dependence of hybridization rate constant on
target DNA orientation. k(0) was calculated as a function of 0
for target DNA length ranging from 200 to 2000 nucleotides
and binding site comprised of 20 nucleotides. k(0) for each
DNA has been normalized to k(60 = 0).

In addition to the orientation of the target DNA in
solution, the value of the kinetic constant depends on
the position of probe DNA on the surface. To simplify
the calculations we assume that each probe DNA
molecule occupies one unit cell and that all DNA
molecules assume the same surface orientation (these
assumptions are equivalent to a well-defined mono-
molecular layer of probe DNA). When there is com-
plete overlap between the binding site of the target
DNA with the complementary nucleotides of the probe
(x=0,y=0,0=0, ¢ =0,y =0) the reaction rate
constant is maximum. Since k is an exponential func-
tion of the average distance between complementary
nucleotides in the target and probe DNA (Eq. 7), small
deviations of the target DNA in the x- or y-direction
result in significant decrease in the rate of reaction. The
uniform distribution of unit cells on the surface implies
that k is a periodic function of x and y (Figs. 2b, c).
This spatial periodicity allows calculation of an aver-
age reactivity over the whole surface by averaging over
all x and y in a single cell. After averaging over all x, y,
¢, and  we obtained k(0) (Eq. 8).

The Hybridization Rate is a Strong Function of Target
DNA Orientation and Size

Next we calculated the reaction rate constant k(6) as
a function of target DNA orientation, 0 and size, N
(Fig. 3). For 0 approaching zero there is complete
overlap between the complementary sequences of tar-
get and probe DNA and k() is maximum. The value
of k(0) decreases with increasing 6, approaching zero
when 0 is between 7/20 and 37/40. For intermediate
deviations from the optimum orientation (0 < 0 < 37/
40) k(0) depends on the size of target DNA, signifi-
cantly decreasing with increasing DNA length. This
result possibly reflects the effect of DNA size on dj,
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which in turn strongly affects the reaction rate. It also
shows that only a small number of molecular config-
urations (0 < 6 < 37w/40) contribute significantly to
binding.

Microscopic Problem: DNA Concentration Profiles
and Average Surface Reactivity

The orientation of target DNA is most important in
a thin fluid layer very close to the surface-immobilized
probe DNA. In this region, termed the reaction zone,
molecular structure controls the distance of each
nucleotide from its complementary counterpart on the
surface, which in turn determines the rate of hybrid-
ization. In the reaction zone, loss of DNA from solu-
tion due to hybridization is compensated by a constant
flux of DNA molecules from the bulk, thus maintain-
ing the compartment at pseudo-steady state.

Based on these assumptions we formulated the
microscopic problem shown in Egs. (18-21) and in
dimensionless form in Eqs. (22-27). Using the values of
k(0) calculated above, we solved this set of equations
to obtain the concentration of target DNA, ¢ as a
function of dimensionless distance from the surface, 5
(Fig. 4). For n higher than about 2 or a distance twice
the radius of gyration of the target DNA, ¢ is a linear
function of 7 and independent of molecular orienta-
tion, 0 (e.g., &(3,0) = &(3,m) = &(3,0)). For shorter
distances, n < 1.5, there is a strong dependence of
concentration on 6. In particular, target DNA with
reactive sites facing the surface (6 = 0, complementary

0=

0.9 N =400, N, =20, ko= 2.4 x 10"
0.8

0.7

E(m. ©)/€(3, 0)

0.6 /6=0

0.4 T T T T 1

1 1.2 1.4 1.6 1.8 2
n

FIGURE 4. The target DNA concentration profile close to the
surface strongly depends on molecular orientation. Target
DNA dimensionless concentration profile for orientations
ranging from complementary (0 = 0) to noncomplementary
(0 = n). Target DNA of 400 nucleotides with 20 nucleotide
binding site was chosen for illustration (k, = 2.4 x 10'"). The
dimensionless concentration was normalized to that at = 3
(or z=3ry) where the concentration of DNA no longer
depends on orientation.

orientation) binds to the probe with high probability
and therefore, the DNA concentration at the surface
(£(1,0)) is low in comparison to concentration far away
(at 3 molecular radii away) from the surface (£(3,0)). In
contrast, when the reactive site faces opposite to the
surface, i.e., for 0 = n (noncomplementary orienta-
tion), binding to the probe is unlikely and the con-
centration at the surface is the same as the
concentration at = 3(&(1,7)/£(3,0) = 1).

From the solution of the microscopic problem we
can calculate an average reaction rate constant, k as
follows:

kg 1
Dy fext(n: 1)

where & (n = 1) is the value of the average dimen-
sionless concentration that is calculated as the inter-
cept of the linear extrapolation of the linear curve (£(n)
for n > 2) ton = 1 (Fig. 4; see Appendix A for der-
ivation). With the average reactivity at hand we can
now solve the macroscopic problem to calculate the
concentration of hybridized DNA as a function of
time.

(37)

Macroscopic Problem: Kinetics of Hybridization

The values of k are used in the solution of the
macroscopic problem (Egs. 28-36) to calculate the rate
of binding of target DNA to the surface for different
values of Damko6hler number, Da, the dimensionless
number representing the relative rate of reaction over
diffusion. The Damkohler number was varied by
changing k(, which is a measure of affinity of target for
probe DNA. Then we solved the microscopic problem
(Eqs. 22-27) to calculate the average reaction rate k,
which was subsequently used to solve the macroscopic
problem (Egs. 32-36).

Typically, the hybridization sequence is comprised of
about 20 bases that are complementary between the
probe and target DNAs. For a target DNA comprising
of 200 bases the fractional binding to the surface is
plotted as a function of time for different values of the
Damkohler number (Fig. 5). For early times, the frac-
tion of DNA that hybridizes to the surface increases
linearly, eventually reaching a plateau. When the rate of
reaction is comparable to the rate of diffusion
(Da = 1.2), the time to hybridize 50% of the DNA
(half-time) isabout 12 h. As expected, when the reaction
rate is much faster than the rate of diffusion (Da = 12),
the binding rate increases so that half of the DNA is
bound within approximately 3.5 h. Further increasing
Da (Da = 114) does not improve the hybridization rate,
suggesting that for this value of Da the overall rate of
binding to the surface is diffusion limited.
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FIGURE 5. Effect of Damkohler number (Da) on hybridization
kinetics. Fractional binding as a function of time for target
DNA of 200 nucleotides containing a 20 nucleotide reactive
site. Each curve represents the kinetics for the indicated
Damkohler number obtained by varying ko, between 2.4 x 107
and 2.4 x 10"°,

The Rate of Hybridization Depends Strongly
on the Size of Target DNA

Since the internucleotide distance, d;z and the
therefore, the reaction rate constant, k(0) depend on
the size of target DNA (Fig. 3), we examined the
dependence of hybridization kinetics for varying DNA
lengths between 200 and 2000 bases. When the affinity
of probe and target DNA is moderate so that the
reaction and diffusion rates are comparable (Da ~ 1),
the rate of hybridization is a very strong function of
the size of target DNA, decreasing for larger DNA
molecules (Fig. 6a). For example, the half-time for
hybridization increases from 12 h to more than 60 h
when the size of target DNA increases from 200 to
2000 bases. These results reflect the strong dependence
of the reaction rate constant k() on the size of target
DNA. In contrast, when the affinity of target DNA for
the probe is very high (Da > 1; diffusion-limited
regime), the rate of binding is a weak function of DNA
length (Fig. 6b), possibly reflecting the weak depen-
dence of the diffusion coefficient on DNA size
(Ds ~ 1/N'3).

Hybridization of Short DNA Targets is Diffusion
Limited but Hybridization of Long DNA Targets
is Reaction Limited

At early times the concentration of target DNA
adjacent to the surface is high and readily available for
binding. In this region binding increases linearly with
time, suggesting that hybridization is limited by the
rate of reaction (Fig. 7a). When the target DNA close
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(a) 1 :
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FIGURE 6. Effect of target DNA size on hybridization kinet-
ics. Fractional binding as a function of time for target DNA
ranging from 200 to 2000 nucleotides containing a 20 nucle-
otide reactive site. ko was set at (a) 2.4 x 10° or (b) 2.4 x 10"
to yield Damkohler number of ~1 or ~1000, respectively.

to the surface is depleted the binding rate decreases
and hybridization scales with the square root of time,
suggesting that hybridization becomes diffusion lim-
ited. The switch from reaction-limited to diffusion-
limited hybridization occurs at a time that depends on
the value of the Damkohler number, Da, and the size
of target DNA.

Specifically, binding switches from being kinetically
limited to being diffusion limited at a time that
increases with decreasing Da (Fig. 7a). For a 200 bp
DNA target, as Da decreases from ~100 to 10, 1, or
0.1, hybridization becomes diffusion limited at
approximately 1 min, 28 min, 4.7 h, or 35 h, respec-
tively. These calculations suggest that for the duration
of the typical microarray hybridization experiment
(overnight to 24 h) hybridization is—for the most
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FIGURE 7. Hybridization is diffusion limited for short DNA
targets but kinetically limited for long ones. Fractional binding
is plotted as a function of the square root of time (£'/?) for target
DNA of 200 or 2000 nucleotides containing a 20-nucleotide
reactive site. The indicated values of the Damkéhler number
were obtained by varying the affinity constant k. (a) N = 200
and ko between 2.4 x 107 and 2.4 x 10", (b) ko = 2.4 x 108
(Da =~ 1) for N =200 or 2000. (c) Fractional binding as a
function of time. The parameters used were k; = 2.4 x 108 for
N = 200 and ko = 2.4 x 10° for N = 2000 and yielded Da ~ 1
and 5, respectively.

part—diffusion limited for very high Da (Da = 100 or
10) but kinetically limited for very low Da (Da =~ 0.1).
For Da =~ 1, hybridization is affected by the sur-
face reaction rate for a significant fraction of the
experiment’s time (4.7 h) before the diffusion resis-
tance dominates the overall rate.

Next, we computed the time when hybridization
becomes diffusion limited for short (N = 200 bp) and
long DNA targets (N = 2000). Figure 7b shows that
for the same value of the affinity parameter k,
(ko = 2.4 x 10% Da ~ 1), hybridization of a 2000-
nucleotide target becomes diffusion controlled after
25 h as compared to 4.7 h for a 200-nucleotide target.
These calculations suggest that for short targets the
reaction rate is fast and hybridization becomes diffu-
sion limited early on but long targets are kinetically
limited for the duration of a microarray experiment.

Interestingly, the hybridization rate of a low affinity,
200-nucleotide DNA target (k, = 2.4 x 10° yielding
Da =~ 1) is very similar to that of a high affinity, 2000-
nucleotide long target (ko =2.4 x 10° yielding
Da =~ 5) (Fig. 7c). This result reflects the strong
dependence of the surface binding rate on target DNA
size, which stems from the dependence of the reaction
rate constant on molecular orientation (k(6)). It sug-
gests that in the presence of a wide size distribution of
DNA targets it may be very difficult to distinguish
between specific binding (high k() of long sequences
and nonspecific binding (low k) of short ones.

DISCUSSION

Although DNA microarrays have revolutionized
our way of thinking about modern biology and medi-
cine, the technology still faces some conceptual and
technical problems including noise, standardization of
experimental procedures, and methods of analysis,
which must be resolved before microarrays can be used
reliably and quantitatively. In this regard, under-
standing the underlying physical and chemical behav-
ior of the process of surface hybridization is necessary
to design efficient and accurate microarray devices.

In this communication, we developed a mathemat-
ical framework to analyze the kinetics of DNA
hybridization. We modeled DNA hybridization as a
function of distance of each nucleotide from its com-
plementary counterpart, which in turn depends on the
position of the reactive nucleotides on the target mol-
ecule. By accounting for the physical distance of the
reactive sites of target and probe DNAs we take into
account the effect of molecular orientation on the
kinetics of hybridization. Since nucleotides hybridize
only when the two complementary strands are in close
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proximity and in anti-parallel orientation the rate
of reaction depends strongly on the orientation of
the reactive site of the target DNA with respect to
the immobilized probe. Our calculations show that the
reaction rate constant of hybridization is a strong
function of the target DNA orientation. Small devia-
tion from the orientation that corresponds to perfect
match between target and probe (0 = 0) results in
decreased reaction rate constant. These results show
that our kinetic model captures the dependence of
hybridization on the relative orientation of target and
probe DNA and therefore, it predicts the rate of
binding as a function of target DNA size.

In our treatment, the reactive site was taken to be
small (N, = 20 nt) compared the radius of the sphere
or between | and 10% of the total number of
nucleotides (N varied between 200 and 2000 nt). In
this case, the reactive patch is almost linear and can
come in contact with the immobilized linear probe on
the surface. In addition to this physical constraint,
other limitations may also arise for longer reactive
sites. For example, a reactive site of 200 nt would not
bind at once but rather in steps. Binding of the first
few nucleotides is expected to constrain the alignment
of the remaining complementary bases and increase
the rate of subsequent binding steps. Therefore,
binding of long reactive sites would likely require a
kinetic model that accounts for this “zipping” reac-
tion mechanism.'* Although the “zipping” model
would likely change the reaction rate, binding of the
first nucleotides would still depend on molecular
orientation 6, and therefore, our conclusions on the
importance of target DNA orientation may be valid
even for longer reactive sites.

Our computations predict that as the length of
target DNA increases the rate of hybridization
decreases. Hybridization of long targets continues
almost at a constant rate long after short target
hybridization is complete. For the parameter values
used in the model, the half-time of hybridization for a
200 bp target DNA was approximately 12 h as com-
pared to 18 h for a 400 bp and more than 60 h for
2000 bp DNA. These results suggest that for accurate
quantitation of gene expression and comparison
between different genes products, the lengths of the
target cDNAs should be very similar to ensure similar
hybridization kinetics. Preferably, the length of
cDNAs should be 200 bp or shorter since binding is
significantly faster for shorter molecules. Indeed some
microarray manufacturers designed gene-specific
primers or developed protocols for cDNA or cRNA
fragmentation via treatment with nucleases, radicals,
or shear force to yield 50-200 bp fragments.’> The
rationale for decreasing the target DNA size was to
reduce the likelihood of self-hybridization that may

mask the binding site. However, our computations
show that smaller target DNAs also yield faster
hybridization kinetics allowing for shorter reaction
times, thereby reducing the likelihood of background
noise due to nonspecific binding.

The relative significance of reaction and diffusion
has been debated in recent literature.>!">!3® While,
some suggested that hybridization may be reaction
limited,"" others showed that the hybridization is
reaction limited at early times when the target DNA
concentration is high, but becomes diffusion limited at
longer times as the target is consumed.?'**° Experi-
mental studies showed that continuous mixing or
convective flow improved the rate and intensity of
hybridization signals, suggesting that diffusion is
indeed a limiting factor in surface hybridization.>*->>¢

In addition to translational diffusion, our model
accounts for rotational diffusion and its effect on
surface reaction and suggests that the relative contri-
bution of these processes may depend on the size of
target DNA. Our calculations showed that for short
targets the reaction rate is fast and hybridization is
diffusion limited but long targets are kinetically lim-
ited for the duration of the typical microarray exper-
iment. This result suggests that mixing or convective
flow will have no effect on the hybridization rate of
long DNA targets. These strategies are more likely to
enhance hybridization of short targets, which are
limited by the rate of diffusion. In addition, we
showed that short and low affinity targets may
hybridize with a similar rate as long targets of high
affinity, suggesting that the results of microarray
experiments may be hampered by nonspecific binding
or high background noise. As a result for a wide size
distribution of DNA targets, the signal intensity of
each spot may not reflect the starting DNA target
concentration in solution.

Based on these results, we recommend that micro-
array experiments are performed under the following
conditions. (i) Employ short DNA targets that can be
obtained either by fragmentation or reverse transcrip-
tion with gene-specific primers. Shortening would
eliminate the kinetic limitation and maximize specific-
ity by eliminating the dependence of hybridization on
molecular size. As a result, signal intensity should
correlate better with the starting target concentration
in solution as a low signal may be more likely to rep-
resent low target concentration in the bulk rather than
inefficient binding due to large DNA target size. (ii)
Application of continuous mixing or convective flow to
overcome the diffusion limitation of short DNA tar-
gets. These operating conditions would enhance the
hybridization rate, thereby allowing for shorter reac-
tion times, which would ultimately decrease back-
ground noise and improve accuracy.
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The present model is valid when surface saturation
is low and reverse hybridization rate does not sig-
nificantly affect the overall reaction rate. However,
experimentally derived association constants range
between 10* and 10° M~'s™!, while dissociation
constants are much lower 107°-10" s7! %% suggest-
ing that dissociation would be important only for
high surface coverage or very long incubation times.
Since microarrays are usually run with probe satu-
ration values of much less than 5%,> our results
should be generally applicable. Finally, the present
model can be extended to account for sequence of the
binding site as well as nearest neighbor interactions*®
by incorporating thermodynamic arguments of base-
pair interactions in the formulation of the reaction
rate constant. Such treatment would predict the effect
of DNA sequence—including mismatches, e.g., G-C
vs. G-A—on hybridization kinetics, thereby predict-
ing the extent of nonspecific binding of targets to
partially complementary probes.

In summary, we presented a comprehensive math-
ematical model that describes the kinetics of DNA
hybridization. We proposed a novel way to calculate
the reaction rate constant based on the physical dis-
tance of complementary nucleotides and account for
orientation of target DNA relative to the immobilized
probe. In addition, our model describes the transla-
tional and rotational diffusion of DNA molecules as
they travel to the surface and accounts for the surface
reaction at the boundary condition. The model pre-
dicts the effect of DNA orientation on reaction affinity
and the effects of target DNA length on hybridization
rate. Our results suggest changes in the conditions of
microarray experiments to increase the accuracy of
gene expression levels and enable comparison among
different genes in the same array. Therefore, develop-
ment of experimental conditions based on a better
understanding of the underlying physical and chemical
steps of surface hybridization may reduce the errors
and increase the accuracy and consistency of micro-
array measurements.

APPENDIX A

At z = r, the flux, B, entering the microscopic dif-
fusion layer is equal to the rate of reaction:

8_C
<9z

Z:)‘g

(A1)

Note that the flux,  entering the reaction zone layer
is the same as the flux far from the surface (z — o) (see
Eq. 20). From Eq. (27) we substitute the dimensionless

variables &= C/fr, and n=z/r, into Eq. (Al) to
obtain:

@:L (A2)
DOO é|n:l

The value of 5|n:1 is obtained as the intercept of the
linear part of &(n) curve (Fig. 4) ton = 1.
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